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An exact generalized master equation is derived for a large quantum-mechanical system in the form of a
power series in the density. This derivation is a quantum-mechanical generalization of a previous work by
the author for classical systems. The quantum equation can be viewed as a time-dependent analog of the
virial expansion of the quantum-mechanical partition function—for both degenerate systems (Bose-Einstein
or Fermi-Dirac statistics) and nondegenerate systems. The coefficients of the series, in the quantum master
equation, are explicitly given in terms of operators (Green functions) which are determined by the dynamics
of isolated groups of particles and are convergent functions of the interaction potential. Equations are ob-
tained for the off-diagonal elements of the density matrix as well as for the diagonal elements. The equation
for the diagonal elements is shown to reduce to a Markoffian master equation for asymptotically long times,
and an explicit expression is obtained for the “scattering’ operator of this asymptotic equation.

I. INTRODUCTION

N a recent article! (hereafter referred to as I) an
exact generalized master equation for a classical
system was derived in the form of a density expansion
each term of which is a convergent function of the inter-
action potential.

It is the purpose of the present article to extend that
result to quantum-mechanical systems. That is, to
derive an exact expression for the evolution of the
density matrix in the form of an expansion in powers
of the density. The corresponding quantum-mechanical
master equations of Van Hove, Zwanzig, and Resibois
and Prigogine,® on the other hand, are expressed as
expansions in powers of the interaction potential and
are not directly applicable to singular potentials® nor
pertinent to a given order in the density.

To accomplish our purpose the Von Neumann equa-
tion for the density matrix is cast in the form of Liou-
ville’s equation, and the resulting Von Neumann

1 J. Weinstock, Phys. Rev. 132, 454 (1963). Also referred to as I.

2 L. Van Hove, Physica 23, 441 (1957); R. Zwanzig, J. Chem.
Phys. 33, 1338 (1960); I. Prigogine and P. Resibois, Physica 27,
629 (1961); P. Resibois, Physica 29, 721 (1963).

3R. J. Swenson, J. Math. Phys. 4, 544 (1963). Here, the Van
Hove master equation is reformulated in terms of a convergent
two-body scattering matrix.

Liouville equation is treated in the same formal way
as was the classical Liouville equation in I.*

[The Von Neumann-Liouville (VNL) formalism has
been used in statistical mechanics by many authors in
recent years ; for example, Prigogine and Ono,’ Zwanzig,
and Resibois.2 In Van Hove’s work, however, this for-
malism is not taken advantage of and is complicated by
the coupling between products of resolvents which
arise from commutators. Ono, Prigogine, and Resibois
avoid commutator complications by the clever device
of introducing a new “Hamiltonian’ in a representation
such that the commutator in the Von Neumann equa-
tion is replaced by a “displacement” operator. In the
present article we shall avoid commutator complica-
tions without introducing a new “Hamiltonian” by
taking full advantage of the strict analogy between the
Von Neumann equation and the classical Liouville
equation. ]

In Sec. II we define quantum mechanical Liouville
operators in terms of which the Von Neumann equation

4 Here, however, the derivation is performed in the resolvent
formalism (% plane) whereas in I it was performed explicitly in
the time. The two methods are completely equivalent since they
are related to each other by a Laplace transform. The reason for
switching from the time plane of I to the present E plane is to
demonstrate this equivalence at every stage of the derivation.

8 I. Prigogine and S. Ono, Physica 25, 171 (1959).
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can be viewed as Liouville’s equation (VNL equation).
In Sec. IIT we obtain the fmatrix expansion (binary
collision expansion) of the formal resolvent solution of
the VNL equation (this expansion is a sum of products
of two-body f-matrix operators which is analogous to
the Mayer f;; expansion of the partition function). In
Secs. IV and V there are defined cluster products and
irreducible cluster products of ¢ matrices which are
identical to the Laplace transforms of their classical
counterparts in I when the classical Liouville operators
are replaced by quantum ones. In Sec. VI the expansion
of the resolvent is regrouped in terms of irreducible
clusters to obtain a generalized master equation for a
nondegenerate quantum system which is given explicitly
to all orders of the density, and is exact for all time in
the limit of an infinite system. This equation, as in the
classical case, can be viewed as a time-dependent analog
of the equilibrium virial expansion in which the irre-
ducible cluster of (s+1) particles plays the role of the
(s+1)th virial coefficient. A generalized master equa-
tion for a degenerate (Bose-Einstein or Fermi-Dirac
statistics) quantum system is derived in Sec. VII. This
equation involves a double sum in powers of the density
due to the degeneracy statistics. There is also obtained
an equation for the off-diagonal part of the density
matrix—as well as for the diagonal part. Finally, in
Sec. VIII it is shown that the generalized master equa-
tion approaches a Markoffian equation in the asymp-
totic limit of long time, and an explicit expression is
derived for the scattering operator of this equation.

The results of these sections are limited to density
matrices which are initially diagonal (in momentum
representation this means independent of particle
configurations).

II. VON NEUMANN-LIOUVILLE EQUATION

We wish to study the temporal evolution of the
density matrix of a quantum-mechanical system of N
particles enclosed in a box of volume V. The Hamil-
tonian of the system, excluding wall forces, is given by

Hy EHNO+VI, (1)
B N 92

HNOE_%E;}{}’ (2)

VIE,% VjsEES V(R;s), 3)

where R; is the vector position of particle 7, V(Ry;) is
the interaction potential between particles 7 and s, and
R;:=R;—R,. We next define the corresponding quan-
tum mechanical Liouville operators Ly, Ly° L;s by

Lf=1/B)[Hy,f1=(Q/B)[Hnf—fHy], (4)
Ly'f= (1/B)[Hxf], (5)
Lisf=Q1/m)[Vief1, (6)
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Ly=Ly+-3 Ljs,

i<s

where f denotes any function on which the L’s operate.

The Von Neumann-Liouville equation for the evolu-
tion of the density matrix p(f) of our system can now
be written as

9p(8)/9t= (—i/h)[Hw,p]=—iLyp(®). (7
This has the formal solution
p()= g imity O) it ®)

and, hence,
p()=eNp(0)=Gn(1)p(0), )

where the N-particle particle propagator (Green func-
tion) Gy (f)=e*L¥ is the formal solution of the N-
particle Heisenberg equation. [Equation (9) follows
easily from Eq. (8) by means of the identity

—1)m!

(Laymo=3" iy D]

(10)
=0 7 1 (m—7)!

Equation (9), it will be noted, has the same form as
the solution of the classical Liouville equation in I.
For this reason we may derive an exact equation for
the diagonal part (diagonal elements) of p(Z) from Eq.
(9)—in the form of a density expansion—in the same
way that the density expansion of the classical master
equation was derived from the classical Liouville equa-
tion. In Ref. 1, however, the derivation was performed
in the time ¢ plane whereas in the present case the
derivation shall be performed in the Laplace transform
plane (E plane).

We shall, hence, define the Laplace transform of the
propagator Gy (¢) by gn(E) so that

gN(E)Ef dte *EGn (f), 1)

= (iLy+E)".

In terms of gy (E), Eq. (9) for the formal solution of
the VNL equation becomes

1 .y
p(H)=— dE(. )p(O),
2w iLy+E

where the contour of integration is the usual vertical
line of infinite extent which lies anywhere to right of
all singularities of the integrand in the complex E plane.

The master equation for p(f) may be derived from
(12) in a manner similar to that in Ref. 1. Thus, the
propagator (sLy+ E)!is expanded as a sum of products
of two-body propagators and the result is regrouped in
terms of irreducible clusters of groups of particles—
using the same cluster concept as in Mayer’s well-
known equilibrium theory—to obtain a density ex-
pansion for p(¢).

(12)
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III. +-MATRIX EXPANSION (BINARY
COLLISION EXPANSION)

The expansion of (:Ly-+E)™ in terms of two-body
propagators is generally known as the ¢-matrix expan-
sion, and is simply the Laplace transform of the binary
collision expansion of Ref. 1. The f-matrix expansion
involves the free-particle propagator go(E) and the
two-particle propagator g;;(E):

go(E)=(iLy*+E)™, (13)
8is (E)E (iLNO"I—iLjs-l—E)“l . (14)
These propagators are special cases of the n-body

propagator g,(E) which we shall define here for later
use as

gn(B)=(Ly"+i 2 Lj+E)™.

1< j<s<n

(15)

[gn(E) is thus the formal solution of the VNL equation
for a system in which particles 1, 2, ---, % are inter-
acting with each other while the remaining (N—n)
particles are noninteracting: it thus involves the solu-
tion of an #-body problem. ]|

In terms of these propagators the f-matrix expansion
of gn(E) is given by'®

v (E)=go(E)+2 2 taslay * * Lango(L2),

n=1 {a}

(16)

where the binary index «) denotes the pair of particles
Fsk(Jx<sk) and the i-matrix operator ¢, is defined by

Lo =[gar(E)— go(£) Jgo(E£)? 1n)

and involves the solution of a two-body problem [%,
can also be defined by the usual expression (g¢ e
= —4Lo—1L,g0(gi %) ]. The summation

2

(o]

in (16) denotes the sum of each of the binary indices
ay, az - -a, over all the $N(N—1) possible pairs of
particle indices such that no consecutive pair are the same.
[For convenience of notation we shall not always
write the argument E in g.(E) or {4(E).]

IV. CLUSTERS (CONNECTED PRODUCTS)
OF t-MATRIX OPERATORS

As the first step in the derivation of a master equa-
tion for p(¢) from (16) and (12) we define clusters of #’s
in exactly the same way as clusters of f’s were defined
in Ref. 1. This definition of clusters is adapted from
Mayer’s theory and is stated as follows:

For any products of ’s,

(18)

which appears in Eq. (16) we imagine drawing a point

latas' * *tay,

6 K. M. Watson, Phys. Rev. 103, 489 (1956); A. J. F. Siegert and
Ei Teramoto, ¢bid. 110, 1232 (1958).
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in configuration space for each particle (particle index)
which occurs in the product. We then imagine drawing
# line segments through each of the # pairs of particles
indices a1, as* - *a, so that to each f,, in this product
there corresponds a line segment connecting the pair of
particles ax. If it so happens that a group of line seg-
ments connect a group of particles together, directly
or indirectly, such that a continuous line passes through
each particle in this group then the #’s which correspond
to this connected group are said to form a connected
product or cluster of #’s, and the particles which are so
connected by this group of line segments are said to be
connected to each other in a cluster (see Footnote 7
of Ref. 1).
We may now define the operator

[gn(Firiar + *ioq1; E)— go(E) Jgo(E)™

to be the sum of all permissible ¢ products that can be
formed from a set of # particle indices such that no pair
of particle indices from among the subset 71, 22+ * 7541 are
connected to each other in a cluster. [g.(##%1° * *4sy1; E)
is simply the Laplace transform of the propagator
Go(5%11* « +1541) defined in I providing Lx® and Lj, are
defined by (5) and (6) instead of by their classical
counterparts in I.]

A property of g.(#£4;1- - *4541; E) that will be used in
the next section is

gn(#ir-+ +in; E)—go(E)=0,

(19)

(20)

since, by definition, gn(5£%1-++i,; E) is the sum of all
¢ products in which there are no particles connected to
each other in a cluster.

V. IRREDUCIBLE CLUSTERS

We shall next use the operator g.(5%4; « “4541; E) to
express gy(Z£) in a form from which one can readily
prove gy(E) to be a linear functional of itself and,
hence, lead to a master equation (Sec. IV). This ex-
pression for g.(E) also serves the dual purpose—to
which we confine our attention in the present section—
of defining the irreducible clusters of (n+1) particles,
T (i1 * *4ng1; E), in terms of which the master equation
shall appear.

This expression is given, for all #>1, by

B=pB+Y X

s=11<4,< - <ish1< n

Xgo(E)gn(54, * +doy1; E),

Ts(ir . '1:3+1; E)

@1

where the irreducible cluster T'5(¢;- - +4541; E) is to be
determined so as to satisfy (21) for all n. Equation (21),
for all n, is thus to be viewed as a definition of T
(41 + *tsy1; E). [Ts(y: - -is41; E) is the Laplace trans-
form of the irreducible cluster V(3;- - -4.41;¢) defined
in I in which the classical Liouville operators have been
replaced by the quantum ones.’]
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To facilitate the determination of T, from (21) we
substitute (20) into (21) and re-arrange to obtain

Tos(1,2--0)
n—2

=gn(E)—go(£) =2 z

s=1 1<, <+ <dsh1<n

X go(E) (1, + +isyr; E).

Ts('l:l' N '1:3_*_1 ; E)

(22)

Equation (22) can be solved recursively for all the T,’s
by solving for successively increasing values of #. As
examples we solve for 7 and T in Appendix A by
setting 7 equal to 2 and then 3 in (22). It is found
there that
T1(12; E)=g2(E)—go(E)
=11980(F)

and

T5(123; E)=gs(E)— go(E)— (t12+ L1+ 123) g0 (E)
— (brob13ttrobosttratiot-Frstas
+tostiottostis)go (E).

By repeating the procedure of Appendix A with #
equal to 4, 5, 6, etc., the recursion relation, Eq. (22),
can be solved uniquely for all 7°,’s. This would give T,
as a function of gu1(E), gu(E), « - -go(E) so that T,
involves the solution of no more than an (#+1) body
problem. [ The irreducible cluster 7°,(1;- - -n+1; E) can
be viewed as the (n+41)-body generalization of the
two-body ¢ matrix, i.e., T, can be viewed as an (n--1)-
body collision operator. This is because 7, can be shown
to vanish for @/l particle configurations in which all
(n+1) particles are not simultaneously correlated with
each other. For example (see Appendix C), if any pair
of particles from among 1, 2, - -+, 1 are sufficiently
separated from each other than

T,(1---n+1; E)=0.

In addition, T,(1---n+1; E) can be viewed as an
analog of the Mayer irreducible cluster sum—Husimi
function—since it can be expressed as a sum of irre-
ducible products of pair functions, #’s, and vanishes when
any two of its particles are sufficiently separated.]
Equation (22) serves to generate all the 7',’s and we
shall hereafter consider T', to be a known function.

VI. GENERALIZED MASTER EQUATION FOR A
NONDEGENERATE QUANTUM SYSTEM
(BOLTZMANN STATISTICS)

In this section we shall obtain the density expansion
of the generalized master equation for a nondegenerate
system (an analogous equation for degenerate systems
is derived in Sec. VII). For this purpose Eq. (21), with
n=N, is substituted into (12) to obtain

1 N—1
=— @ dE[gi(E
o) 27rif o)+ X

s=1 1< - <ist1

Ts(il' * "is+1; E)

Xgo(E)gw (5dv- - -dagr; £2) Jet*¥p(0). (23)
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The master equation is a closed equation for the
diagonal part of p(£), and can be derived from (23) in,
essentially, two main steps. Before proceeding with this
derivation, however, we shall first specify exactly what
we mean by diagonal part of diagonal element.

By an element of p(#) is meant the expectation of
p(f) between two free N-particle states (eigenfunctions
of the total momentum operator). A free N-particle
state k denotes that particles 1,2, ---, N are in free
particle states ki, ko, - -, ky, respectively, and is

given by
N
VN2 ] eiki-Ri= [—N/2i(k) (R} (24)
=1
The symbol pys(2), thus, denotes the following:
ors (D)= V*N/d R}e itk {Rlp(f)eits}(R)
i { 25)

=(k|p(1)]s).

The diagonal part of p(¢), which will be denoted by
either Dp(¢) or pp (), is thus defined by

po()=Dp(?) E% [Kdorr (£) (k] - (26)

The diagonal part of Eq. (23) can now be written as

1 N—1
pp()=D— P dE[go(E)+3 22 Ts(ir-risy)

T 8=1 '[1< ee e Ltgt1

X go(E)gn (i1- - *1sy1) JeHEp(0).  (27)

The master equation for pp(¢) can be derived from
(27) in essentially two steps. They are:

Step (1): If p(0) is independent of the positions of the
particles (this means that p(0) is diagonal in momentum
representation) then

DT, (i1 - -ts11)go g (i1 + +1511)p(0)
=DT;(i1 * *is41)g6 Dgn (F 11" - +151.1)p(0).  (28)

Step (2): If the volume of the system is sufficiently
large then

Dgn (#dr- - +is1)p(0)= Dgn (£)p(0)+0(s/V)

- (29)
_ f dieEon () +0(s/ V).

The proofs of Eqs. (28) and (29) are given in Ap-
pendices B and C. [Equations (28) and (29), and their
proofs, are analogous to their classical counterparts in I.
The essential difference is that the quantum case in-
volves the diagonal part, D, of operators whereas the
classical case involves the average of these operators
over configuration space. ]

To obtain the desired equation for pp () we substitute
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Egs. (28) and (29) into (27) and thus find

1 N—1
pp(O)=— P dE[Dgo(E)+Y X DTs(ire - isya)
271 =1 §1<s<igt1

X g Dgn (E)+0(s/V)} Je+*#p(0).

We shall avail ourselves of the notation of equilibrium
statistical mechanics and denote the diagonal part of
the irreducible cluster sum by B;(E),

68(E)ED Z Ts(il"'is-}-l;E);

1< u<e <1< N

(30)

(31)

so that Eq. (30) can be written as
1
pp(t)= “‘_de eTE[Dgo(E)p(0)
2

Y B DenFOG/ VO], (32)

=1

In the asymptotic limit of infinite N and V (at con-
stant N/V)—and within the radius of convergence of

> Bsg5s—Eq. (32) becomes
s=1

1 o
PD (t):;— dE €+tE[Dg0+Z ,Bng_ngN]p(O)' (33)
8=1

72

The inverse Laplace transform on the right side of
(33) may be performed by means of the convolution
theorem. The inverse transform of 8,(E) is to be de-
noted by the time-dependent irreducible cluster operator
Bs(0), i.e.,

B, (E)= [ dt e‘E‘,Bs(zf)ED/ dt BT (1), (34)

0 0

The inversion of the integrand in (33) is simplified by
the easily verified fact that if DA is the diagonal part
of any operator 4 then, since H, is also diagonal,

LiDA=HDA— (DA)Ho=0. (35)
Trom (35) it follows, since p(0)=pp(0), that
E)p(0)=E"p(0),
go(E)e(0) 0(0) (36)

go(E)_IDGN(E) =EDGy (E) .
Substituting (36) into (33) and making use of (12)
as well as of the relation
Bs(8) teo=B4" (1) 1=0=0 37

[the proof of (37) is the same as that in Appendix D
of Ref. 1] we find, by means of the convolution theorem,
that

oo ()= (0)+ f BIE =9 To ) @9

which is an exact equation for pp(f) in the form of a
density expansion. It is exact in the limit of an infinite
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system providing: (1) p(0) is diagonal and (2) the
scattering cross sections are finite.

The generalized master equation is obtained from
(38) by simply differentiating it with respect to ¢ and
substituting (37)

dop (t)
at

Equation (39) is a form of the generalized master
equation given explicitly to all orders of the density.
It is exact for all £ in the limit of an infinite “homo-
geneous” system.

The time-dependent cluster function B,(f) involves
the solution of a well-defined quantum-mechanical
(s+1)-body problem, and converges for all potentials
of a finite range [B,(¢) is determined by the solution of
the Heisenberg equation for a system of (s41) isolated
particles]. The cluster T,(¢), of which B,(¢) is simply the
diagonal part, is the same as the classical V,(f) when
the quantum Liouville operators are replaced by classi-
cal ones.

Equation (39) is equivalent to the Resibois-Prigogine
master equation, as given in Ref. 2, Eq. (2.9), in the
representation of unsymmetrized plane-wave states. The
latter is expressed as an expansion in powers of the
interaction potential whereas the former is expressed
as an expansion in the density.

(39)

f W5, 6.1~ ).

VII. DEGENERATE QUANTUM SYSTEM (BOSE-
EINSTEIN OR FERMI-DIRAC STATISTICS)

In this section we shall derive a generalized master
equation for a quantum degenerate system from Eq.
(23). This means we must consider expectation values
of the density matrix between properly symmetrized
plane wave states.

If we let n denote such a properly symmetrized plane-
wave state [for either Bose-Einstein (B.E.) or Fermi-
Dirac (F.D.) statistics] then the expectation value of
the density matrix operator between two such states
(n and n’) is denoted by

prw ()= (m[p() |0 (40)
and the diagonal part of p(f) in this representation is
denoted by

pp()=Dp()=2|M)pua(t){n]. (41)
The derivation of a closed equation for pp(f) from
Eq. (23), or Eq. (27), is more complicated for a de-
generate system than it was in the preceding section
for a nondegenerate system. The reason is simply be-
cause step (1) [Eq. (28)] does not hold in the repre-
sentation of symmetrized states.
For an arbitrary representation Eq. (28) must be
replaced by the identity

DT (31 - +tor1)gogn (Ft1- + +3511)p(0)
= DT, (i1 + *Go11)g0 " Dgn (Fi1- - 1541)p(0)

+DT (31 - *1541)80 Ongn (Fi1- - *1e41)p(0), (42)
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where the operator Op denotes the off-diagonal part of
the operators to its right

Opgnp(0)=gnp(0)—Dgnp(0).

[In the representation of unsymmetrized eigenfunctions
the last term on the right of (42) vanishes exactly (as
shown in Appendix C) and Eq. (42) then reduces to
Eq. (28).]

To obtain the master equation for pp(#) (in any
representation) we first substitute Egs. (42) and (29)
into the diagonal part of Eq. (23) and then follow the
same steps as from Eq. (30) to Eq. (38) for the first
term on the right side of (42) [Eq. (29) holds in any
representation ]. We thus find that

oo ()= (0)+ f B /=)o)

—i—Dde f: 2 Ts(ix - dsya)

s=1 91<0 »+ <dgt1

Xgo~IODgN (#'I:l' : 'is+1)e+tEp(0) )

where B;(¢) is defined as the diagonal part of T',(f) in
the new representation :

Bs()=DT,(2).

The off-diagonal operator Opgy can be expressed in
terms of Dgy. This is done in Appendix D where it’s

(43)

DI

8 1< <igt1

=2 X

5 1< <dgt1

Ts(ir - 241)80 0p g (21 + +3541)p(0)

=mmo{ Tg10p g (1~ 0pTgs™") "} Dgnp(0)

=mef T 1(1—0pTg ) "0pT} EDgnp(0).

[The subscript (5£4;--4s1) on the bracket denotes
that no term in the expansion of the bracket is to have
any pair of particles from among ;- - +4,41 connected
to each other in a cluster. ]

Defining an operator K (¢), and its transform K (E), by

K(E)= / die—tFK (1)

0 (47)
=D(»{Tg'(1—0pTg™)"0nT})

and substituting (46) into (43) there results the closed

equation

o O)=pO)+ [ BLE G=)+E 0= Tpo ).

(48)
Differentiating (48) with respect to ¢ and making

JEROME WEINSTOCK

found, in the limit of an infinite system,

Opgwp <o>=nm°{§1<oprgo-l>k}Dng<o>

=mmefQpTgy(1—0pTgs™) "} Dgnp(0)  (44)
where 7'=T(E) is defined by

1=y %

s=1 1<+ - <tgtl

Ts(ix - ioyr) (45)
and the superscript nmc (not multiply connecied) on the
brackets denotes that, in the expansion of the terms
within the bracket, we retain only those ordered prod-
ucts of T'¢(41- - -%s41) operators which are not multiply
connected to each other with respect to particle indices:

An ordered product of Ts’s is called nmc if the term
which appears to the right of any T, say Ts(ly+ -+ +lsy1), in
that product does not have awy pair of particles from
among by, - -+, l.y1 connected to each other in a cluster.”
[For example, the product

Ty (l1l2) g ) (lsl4lsls) g o 1T, (l7lsls)g gt

is nmc if: the term to right of T'y(l/2) does not have 7,
and I, connected to each other in a cluster, the term
to the right of T'3(lslusls) does not have any pair of
particles from among /3, l4, /s, and /s connected to each
other in a cluster, and so on.]

Equation (44) is next substituted into the sum on the
right side of (43), and use is made of (29) followed by
(45) and (37) to obtain

(i1« t54)g0 ™ {O0pT g™ (1= 0pT g™ )™} 21 v eiosny D (F i1+ + +1541)p(0)

(46)

use of (37) we finally obtain
apD (t) ‘ il =z I
D [k =+ E 8= )
0 8=

This is a generalized master equation for a quantum
degenerate system, and it is exact in the limit of an
infinite ‘“homogeneous” system. Although we have
specified that diagonal parts, and expectation values,
of operators are in the representation of symmetrized
single-particle states (B.E. or F.D. statistics) Eq. (49)
actually holds in any representation for which p(0)
=pp(0). In a representation of unsymmetrized single-

7 We use the notion of connectivity in the same sense as in equi-
librium cluster theory except that here the clusters 7's(z;- - +7s41)
are noncommutative so that ordering is important.
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particle states K’'((—vy) vanishes exactly and (49)
reduces to (39).

VIII. LONG TIME LIMIT—MARKOFFIAN EQUATION

It has been shown (see Sec. III of Ref. 1) that the
classical generalized master equation reduces to a
Markoffian equation in the asymptotic limit of long
time. This was a consequence of the fact that the kernel
of the former equation rapidly vanishes with time. Since

the kernel, [K" ()4 > 8,/ (¢)], of the quantum gen-
s=1

eralized master equation also rapidly vanishes with
time (although we do not prove it here) we may use
the same analysis as in Ref. 1 to prove that Eq. (49)
asymptotically reduces to a Markoffian equation. We,
thus, find that

9pp (1)/0t=A(E*)pp(t) (large ?), (50)

where the Markoffian scattering operator A(E) is
defined by

AB)= / e KO+ 801 (61
and E* is defined as the solution (real) of
[E—A(E)]en(0)=0. (52)

Equation (52) is an implicit definition of A(E*). An
explicit expression for A(E*) can be obtained by simply
“inverting” (52) (this was not done in Ref. 1) as
follows; a function w(E) is defined by

w=A(E)—E. (53)

Since A’(0)5%0 and A (E) is analytic in the neighborhood
of E=0 (see Ref. 1) it can be shown that, in this
neighborhood, the inverse of (53) exists, is unique, and
is given by?®

E=3 A,[u—A(0)]", (54)
where
1¢(dr? I
= } . (55)
wI dE[A(E)—ET") po

Since E* is the solution of w(E)=0 we simply set w=0
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in (54) to obtain

AEH=E*=2Z(—1)"4.[A0)]" (56)
n=1

which is an explicit expression for A (E¥*) in terms of A (0)

and the derivatives A?(0).

APPENDIX A

The solution of the recursion relation, Eq. (22), for
T1(12) and T»(123) is, formally, the same as that for
its classical counterpart in I so that we can be brief.
Setting # equal to two in (22) yields
T1(12; E)=gs(E) — go(E)= (ihatily*+ E)™

— I+ E)? (A1)
=t12g0(E)

which only involves the solution of a two-body problem.

To obtain T'2(123) we set # equal to three in (22)

T2(123; E)=g;(E)—go(£)

— 2 T(ids; E)go(E)"ga(s%iria; ). (A2)
1< 71<2<3
But by definition,
235(%12)=go+ (b15+123)g0 (A3)
so that (A2) becomes
T2(123; E)=gs—go—T1(12)gs (1-+t13+t23) g0
—T1(13)go  (14-t1at-tas) go

—_ T1 (23)go—1(1+512+t13)g0. (A4)

Substituting (A1) into (A4), and re-arranging, we
obtain

T2(123; E)=g3(E)— go(E) — (b1aFt15+t23)go(E)
— (tiot1atFrobesbistiot-ListestFastie
Fto3t13)go(E)  (AS)

which determines 7'2(123; E) in terms of gi;(E) [see
Eq. (15)] and ¢, and involves the solution of only a
three-body problem.

APPENDIX B

To begin the proof of Eq. (28), step (1), we note
that in matrix notation Ts(f1--%sy1; E)go(E)™ is a
four-index (tetradic) operator. This is a direct conse-
quence of the fact that L is a commutator. For example,

(k|gw(B)p| r)=(k| f dte—BteitN+1m | 1)

0
= <k l / die——Ete—ith‘l (HN°+V12)peim_1 (HNY-V12) ' 1’>
0

=2

m,pJ g

= Z {812 (E)}krmppmp 5

(B1)

0
dte—Et{e—ith—l (HN"4V12) } kmpmp{eim—l (HN°+V12)} pr

8 C. Carathéodory, Theory of Funciions (Chelsea Publishing Company, New York, 1938).
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where the tetradic matrix element g12(E)xsmyp is defined
by

{gm(E)}km,,E/ dte T g15(t) }krmp

0

0
—_ — I —sth—1 0.
= die Lt{e it~ 1 (HN +V12)}km

0
X {ezm—l (HN0+V12)}pr .

(B2)
In this notation a diagonal element of the left-hand
member of (28) can be written as

(k| T5 (1 + ~1op1)gogn (341 - is41)p(0) | k)
=Z {T;,('I:l' . "1:s+1)g0—1}kkmp
X{gN(5é1:1' . ‘is+1>P(0)}mp‘

But Ts(¢1- - +2,41)go* contains iteration terms (Liis,
Liyis, etc.) between particles 2122 - 4541 only. This is
because T's(41°  +4s41) contains lirs, Hiis, etc. (see Ap-
pendix A of Ref. 1 for further details). Consequently,
Ts(31: - -1541)go" changes the relative “momenta” of
only particles 2y, - -, 7,41, The “momenta” of the re-
maining (N—s—1) particles cannot change. In other
words, the intermediate states m and p can only differ
from each other, or from the state %, in the momentum
eigenvalues of particles 75+ - -4,,1. Hence, if m; denotes
the “momentum” of particle j in the N-particle state
m then, for j#iy, - -

(B3)

*5 Vst

m;=p;=k; (j#i1- - ts1). (B4)
The “momentum” of the center of mass of particles
i1 *2g41 1S also constant; ie.,
m;+ - 4m = patPut o Pig. (BS)
On the other hand, the operator gy (4;- - -4511)p(0)
contains no interactions, or forces, between particles
11, * + -9sp1, and is, in fact, entirely independent of the
relative vector positions between particles 21+ 2y
[This follows from the fact that gy (£;- - - 254.1) does not
have two or more particles from among ;- - * 4541 con-
nected to each other in a cluster, and p(0) is independent
of positions—see Appendix A of Ref. 1. The operator
gn (511 - -1541)p(0) depends upon the positions of par-
ticles 41- 4541 in the form of momentum operators
only.’] This means, when combined with (BS), that the
“momenta’ of particles 7;---i,41 in the state m must
be equal to their “momenta” in the state p:
(B6)

m;=p; (j=i1,8s° " de41).

JEROME WEINSTOCK

Combining (B4) with (B6) we see that, in (B3),

(all 7)
m=p.

Substituting (B7) into (B3) then yields

(K| Ts(Gr- - ~day1)go gy (#d1- - *day1)p(0) | k)
=2 AT (81 5611) 80 ktmm{ g (F 1 * +2541)p(0) }

m;=p;
and, hence,

(B7)

= (k| Ts(i1- * +dos1)ga ' Dgn (#ir- - e11)p(0) | k). (B8)
Multiplying both sides of (B8) by |k)(k| and sum-
ming over all % finally yields the desired result
DT (i1 + +dor1)g0'gn (541" - *4041)p(0)
=DTs(i1' . 'is+1)go*1DgN(#i1- . 'is+l)P(0)
which is Eq. (28).

(B9)

APPENDIX C

The proof of Eq. (29), step (2), is strictly analogous
to that of its classical counterpart in I (Appendix B)
so that we will be brief. We first note that if V,(R,)
is a short-range potential then (as for f, in I)

ta=(ga—g0)go'= —goLogago ™", (C1)

is zero, since L, is proportional to V,, unless R, is less
than some well-defined length of finite extent. This
length will depend upon E [since go(E) operates on L,
in (C1)] as well as upon the range of V, but is inde-
pendent of the total volume V of the system.

It then follows, as in I, that a cluster (connected
product) of f,’s is zero whenever the separation be-
tween any two of the particles in the cluster is greater
than some finite distance.

Hence, since [Gy—Gn (541" « *1511) ] is defined as the
sum of all ¢ products which contain two or more of the
particles ;- - -7,41 connected to each other in a cluster,
it follows that Gy—Gn(5411- - *1s41) will be zero when
particles 4, - -4, are all simultaneously separated from
each other by more than some finite distance.

There thus exists the finite regions (independent of V)

V(irds), V(ixds), -+, V(ithey),
such that
GN(E)—GN(;éh . '7:5+1; E)ZO (CZ)

when R, lies outside of the region V (iiis), Ry lies
outside of V (1113), etc.
As a consequence of (C2) one can write, with {k(s)}

AR()}= (ki Ryt ko, Ry +- - +k1’a+1' Ria+1)

V—(s+l)/ dRi1/ dR iy / ARy HEON ROV Gy — Gy (541 - 1541) Jp(0)ei B RO} =0, (C3)
14 —V (i192) V=V (21is+1)

where the region of integration ¥V — V (4145) denotes that we integrate R,,;, over all of the volume V except for the

region V (ia)[ Sv—v iy = Jv— S¥ erin) ]
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In the limit of infinite ¥ the ratio of the volume of V (41i5) to the volume V approaches zero so that we can ob-
tain the following from (C3), see I for details:

V—(a+1)/ dRh[ dRi”z.../dRi”.'_He—i(k(s))-(R(a)}[GN_GN(#il...i8+1)]p(0)i(k(s)).{R(s)}:O(X/V)_ (C4)
v v

v

If we let {k(s)} and {R(5%s)} denote the set of momentum eigenvalues and vector positions, respectively,
of all particles except 4;- - -i,+1 then we can take the expectation value of (C4) between the states {k(£s)} to
obtain

V‘N/d{R(#s)}/dR;,/dRmz- . ./dRm.me-nk(#s)).(R(;esn

X e ilk®) - ROV Gy— Gy (5541 - -d5p1) Jp(0)eil K - (RO) gilk(s2)} - (R(%9))
=(k|[Gy—Gn (i1 - 1:41) Jp(0) [ k)=0(s/V). (C5)
Multiplying both sides of (C5) by |k){k| and summing over all £ we obtain the desired result:
DGy (E)p(0)— DGy (#i1: + +i541)p(0)=0(s/V). (C6)

APPENDIX D

The derivation of Eq. (44) begins with the off-diagonal part of Eq. (21) operating on p(0). If we substitute
gn (i1« ~tsp1) =Dgn (81 + *4541)+Opgn (41° - *ie41) and Dgn (5%41- - *4s41) = Dgn+O(V) into the off-diagonal
part of Eq. (21) we obtain

Opgn (E)p(0)=O0p 2 . <..Z,< T's({is41})g0 Dgn (£)p(0)
+00 Y X To({is41})g Ongn (% {5511} )p (0)+0(V1), (D1)

a=1 §1<0  <igtl
where we have used p(0)=pp(0) to obtain

Opgo(E)p(0)=O0pg(E)ep (0)=0, (D2)

and {4541} denotes the set of s41 particles 4;- - 454
Equation (D1), together with (29), is a recursion relation for Opgnp(0) in terms of Dgyp(0).

If we subtract, from both sides of (D1), all ¢ products which have two or more particles from among {j;1}
connected to each other in a cluster we obtain, with (29),

Opgn(F{j})= Op X ) <...<~Z . T's({is41})g Dgnp(0)
+0p ¥ b Ts({45+1})80 ™ Ongn ({1041} )p(0), (D3)

s i1< - <igt15#{ JrH1}

where the subscript {11} on the sum means that we exclude, from this sum, those values of iy, 42 * *45,1 for
which Ts({2s4+1})g0 g (#{%s41}) contains two or more particles from among {71} connected to each other in
a cluster.

Substituting (D3) into the last term on the right of (D1) we have

Ongn (E)p(0)=0pTgi ' Dgnp(0)+"m{ (0 Tgi™)*} Dgnp(0)+"{ (0pTgs")*Opgnpe(0)}+0(V1),  (D4)

where

=Y Y T(lia)) (D)

s=1 1<+ - <igtl

and the superscript nmc (not multiply connected) on a bracket denotes that, of all the ordered products of T's({i.41})
operators which appear in the expansion of the term within a bracket, we retain only those which are not multiply
connected to each other with respect to particle indices. By an nmc product of operators we mean the following :

An ordered product of T')’s is called nmc if the term which appears to the right of any T, say Ts({7.+1}), in that
product does not have two or more particles from among { 7,41} connected to each other in a cluster.
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For example,

(1) me{T=rrell X To(lien)) X - Ti{jud)}
s=1 1< 0o <ig1 I=1 j1<++ - <jiH1
=X X N(iwdE T T(ud). (D6)
s=1 1<+ <dg+1 =1 1<+« <jiH17#{ is+1}

(2) nmc{ (ODTgO—I)zngNP(O)} = OD Z Z Ts({is—}—l})go—l

s=1 i1<0 -+ <ighl
X0p 3 > T1({j141))80 " Ongn (% {j141})p(0). (D7)
I=1 j1<+ -« <jl+17%{ ist1}
(3) m(T}=T.
To continue the derivation of Eq. (44) we substitute (D3) into the third term on the right of (D4) to obtain

Opgn (E)p(0)=""{ (0pTgs™")+ (0pTgi)*+ (0OpTgi™)*} Dgnp(0)+"m{ (OpTgi)*Ongnp(0)}.  (D8)

By repeated substitutions of (D3) into (D8) we eventually obtain
Opgn (E)p(0)="m{ (OpTgs ™)+ (OpTgi™)*++ - - } Dgnp(0)+O (V). (DY)

[The process of repeated substitution into (D8) eventually terminates since the last term on the right side of
(D8) eventually becomes

mef (OpTge™) (0pTge™) - - (0pTg57") Opgnp(0)}
=[0p X .<.§:<.+ Ts({is+1})50“1][01>§ . <m<§ i To({herr})go ]
-[0p X > ' T1({7141))g07 10ngn (#{ jit+1})po=0.

U <o <giH15#{1,2,- - N

That is, we eventually run out of particles. | In the limit of an infinite system (D9) approaches the desired result

Opgy (E)p(0)= ,,mc{gl (0pTg)) Dgx (E)p(0),

= nmc{ ODTgo_l(l—- ODTgQ—I)_I}DgN (E)p (0) . (DIO)



